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Abstract This paper deals with Bianchi type-V cosmological models of the universe filled
with a bulk viscous cosmic fluid in the framework of general relativity. A new class of ex-
act solutions has been obtained by considering various well established power law relations
among scale factor, cosmological and gravitational constants and cosmic time. Some phys-
ical and geometrical behaviors of the models have also been discussed. It has been found
that all the models are in fair agreement of observational results.

Keywords Bianchi type-V space time · Bulk viscosity · Cosmological and gravitational
constant

1 Introduction

Anisotropic Cosmological models play significant role in understanding the behavior of the
universe at its early stages of evolution. Modern cosmology is concerned with thorough un-
derstanding and explanation of the past history, the present state and future evolution of the
universe. Recent cosmological observations support the existence of an anisotropic phase
that approaches to isotropic one [1]. The geometry of anisotropic cosmological models be-
long to either Bianchi type I–IX or Kantowski-Sachs space-time geometry. Bianchi type-I
space-time is considered as simplest generalization of FRW flat space-time and studied by
large number of researchers. Among different anisotropic cosmological models Bianchi
type-V universe is natural generalization of the open FRW model. Lorentz [2, 3] investi-
gated tilted Bianchi type-V cosmological model with matter and electromagnetic field and
in higher dimensions. A large number of authors have studied Bianchi type-V cosmologi-
cal model in different contexts [4–13]. Singh and Chaubey [14] have considered a Bianchi
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type-V universe initially for self consistent system of gravitational field with a binary mix-
ture of perfect fluid and dark energy given by a cosmological constant. Further they have
studied the evaluation of a homogeneous anisotropic universe filled with viscous fluid, in the
presence of cosmological constant � [15]. Singh et al. [16] have investigated the variation
law for Hubble’s parameter in a homogeneous and anisotropic Bianchi type-V space time
model that yield a constant value of deceleration parameter. Bianchi type-V cosmological
models with negative deceleration parameter in scalar tensor theories have been presented
by Rao et al. [17–19]. Very recently, Singh and Baghel [20] have studied the Bianchi type-V
model with constant deceleration parameter in general relativity and Ram et al. [21] have
studied such type of models in Saez-Ballester theory. Barotropic perfect fluid cosmological
models in Lyra geometry have been proposed by Bali and Chandnani [22] whereas a model
in the presence of massless scalar field with a flat potential having inflationary solution is
presented by Reddy [23].

It has been point out in the literature that the dissipative processes may well account
for the present high degree of isotropy and also huge value of the number of photons to
baryons [24]. The study of role of dissipative effects in the evolution of the universe during
early stages has taken considerable interest of researchers as in the early universe viscosity
may arise due to various processes such as decoupling of neutrinos during the radiation
era, creation of superstring during the quantum era, particle collision involving gravitation,
particle creation process and the formation of galaxies [25–28]. It has been suggested that in
large class of homogeneous but anisotropic universe, the anisotropy dies away rapidly. The
most important mechanism in reducing the anisotropy is neutrinos viscosity at temperature
just above 1010 K. It is important to develop a model of dissipative cosmological processes
in general, so that one can analyze the overall dynamics of dissipation without getting lost in
the details of complex processes. The cosmological models in the presence of bulk viscosity
have been studied by a number of authors [29–41]. Very recently Singh and Kale [42] have
discussed anisotropic bulk viscous cosmological models with variable G and �.

The aforesaid survey of literature clearly indicate that there has been considerable interest
in study of spatially homogeneous and anisotropic cosmological models and hence it is
worthwhile to study anisotropic viscous Bianchi type-V cosmological models with variable
G and �.

2 Field Equations

The Einstein field equations with cosmological constant may be written as

Rij − 1

2
gijR = −8πGTij + �gij . (1)

The energy momentum tensor of cosmic fluid take the form

Tij = (ρ + p)uiuj − pgij . (2)

Here ρ is the energy density, p represents equilibrium pressure. The flow vector ui is satis-
fying the relation uiu

i = 1.
The line element for Bianchi type-V space time metric is given by

ds2 = dt2 − R2
1(t)dx2 − R2

2(t)e
2αxdy2 − R2

3(t)e
2αxdz2. (3)
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The Einstein’s field equation (1) for the space-time metric (3) yields following equations

Ṙ1

R1

Ṙ2

R2
+ Ṙ2

R2

Ṙ3

R3
+ Ṙ3

R3

Ṙ1

R1
− 3α2

R2
1

= 8πGρ + �, (4)

R̈1

R1
+ R̈2

R2
+ Ṙ1

R1

Ṙ2

R2
− α2

R2
1

= −8πGp + �, (5)

R̈2

R2
+ R̈3

R3
+ Ṙ2

R2

Ṙ3

R3
− α2

R2
1

= −8πGp + �, (6)

R̈1

R1
+ R̈3

R3
+ Ṙ1

R1

Ṙ3

R3
− α2

R2
1

= −8πGp + �, (7)

2Ṙ1

R1
− Ṙ2

R2
− Ṙ3

R3
= 0. (8)

By combining (4)–(7) one can easily obtain the continuity equation as

ρ̇ + (ρ + p)

(
Ṙ1

R1
+ Ṙ2

R2
+ Ṙ3

R3

)
+ ρ

Ġ

G
+ �̇

8πG
= 0. (9)

The energy-momentum conservation equation T
ij

;j = 0 suggests

ρ̇ + 3(ρ + p)H = 0. (10)

From (9) and (10), we have

ρ
Ġ

G
+ �̇

8πG
= 0, (11)

where the Hubble parameter H is given by

H = 1

3

(
Ṙ1

R1
+ Ṙ2

R2
+ Ṙ3

R3

)
.

The physical quantities of observational interest are the expansion scalar θ , shear scalar σ 2,
the relative anisotropy and deceleration parameter q which are defined by

θ = 3H = V̇

V
(V = R1R2R3) (12)

σ 2 = 1

2

[
(σ 1

1 )2 + (σ 2
2 )2 + (σ 3

3 )2 + (σ 4
4 )2

]
, (13)

where the components of shear tensor (σ
j

i ) are given by

σ 1
1 = 1

3

(
2Ṙ1

R1
− Ṙ2

R2
− Ṙ3

R3

)
= 0,

σ 2
2 = 1

3

(
2Ṙ2

R2
− Ṙ1

R1
− Ṙ3

R3

)
,
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σ 3
3 = 1

3

(
2Ṙ3

R3
− Ṙ1

R1
− Ṙ2

R2

)
,

σ 4
4 = 0,

relative anisotropy = σ 2

ρ
, (14)

q = d

dt

(
1

H

)
− 1. (15)

3 Cosmological Solutions

It can be easily seen that we have five independent equations (4)–(8) with seven unknowns
R1, R2, R3, ρ, p, G and �. In order to obtain complete set of exact solutions, we require
two more physically plausible relations among the variables.

Equations (5) and (7) suggest a relation between scale factors R2 and R3 as

Ṙ2

R2
− Ṙ3

R3
= k

(R2R3)3/2
. (16)

Using (8) one can easily obtain the relation among the scale factors as

R2
1 = R2R3. (17)

Assuming relation between the scale factor and cosmic time t as

R3 = tn, (18)

(16) and (17) yield

R1 = tn[k1 + k2t
−3n+1]1/3, (19)

R2 = tn[k1 + k2t
−3n+1]2/3. (20)

Considering equation of state

p = γρ, 0 ≤ γ ≤ 1, (21)

(4), (5), (10), (18)–(21), give following form of the energy density, gravitational and cosmo-
logical constant.

ρ = c

t3n(1+γ )U(1+γ )
, (22)

G = t3n(1+γ )U(1+γ )

8πc(1 + γ )

[
2n

t2
+ 6nk2(1 − 3n)

3t3n+1U
+ 4k2

2(1 − 3n)2

9t6nU 2
− 2α2

t2nU

]
, (23)

� =
[

3n2

t2
− 2n

(1 + γ )t2
+

(
γ

1 + γ

)
6nk2(1 − 3n)

3t3n+1U
+

(
γ − 1

γ + 1

)
2k2

2(1 − 3n)2

9t6nU 2

−
(

3γ + 1

γ + 1

)
α2

t2nU

]
, (24)

with U = k1 + k2t
−3n+1.
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The geometrical quantities of observational interest and deceleration parameter have the
following expressions in terms of cosmic time t

θ = 3nk1 + k2t
−3n+1

k1t + k2t−3n+2
, (25)

σ 2 = k2
2(1 − 3n)2

9t6n[k1 + k2t−3n+1]2
, (26)

relative anisotropy = k2
2(1 − 3n)2

9Ct3n(1−γ )[k1 + k2t−3n+1]1−γ
, (27)

q = −1 + 3

{
k1 + k2(2 − 3n)t−3n+1

[3nk1 + k2t−3n+1] − k2(1 − 3n)t−3n+1[k1 + k2t
−3n+1]

[3nk1 + k2t−3n+1]2

}
. (28)

In this case the geometry of the model of the universe is given by

ds2 = dt2 − t2n
((

k1 + k2t
−3n+1

)2/3
dx2 + (

k1 + k2t
−3n+1

)4/3
e2αxdy2 + e2αxdz2

)
. (29)

It can be easily seen that the energy density, pressure, bulk viscosity are decreasing with
evolution of the universe. The deceleration parameter q suggests that for all values of n > 1
the model presents accelerating expansion of the universe. It can be seen from the space-time
metric (29) that for large value of cosmic time this anisotropic cosmological model asymp-
totically approaches to isotropic model. In this case shear as well as relative anisotropy
vanish and expansion stops. All the results of the model presented in this section are in favor
of the report of present days observations.

4 Cosmological Models with Bulk Viscosity

The energy momentum tensor of cosmic fluid in the presence of bulk viscosity takes the
form

Tij = (ρ + p + 	)uiuj − (p + 	)gij . (30)

Here 	 stands for bulk viscous stress.
The Einstein’s field (1) for the space-time metric (3) yields following equations

Ṙ1

R1

Ṙ2

R2
+ Ṙ2

R2

Ṙ3

R3
+ Ṙ3

R3

Ṙ1

R1
− 3α2

R2
1

= 8πGρ + �, (31)

R̈1

R1
+ R̈2

R2
+ Ṙ1

R1

Ṙ2

R2
− α2

R2
1

= −8πG(p + 	) + �, (32)

R̈2

R2
+ R̈3

R3
+ Ṙ2

R2

Ṙ3

R3
− α2

R2
1

= −8πG(p + 	) + �, (33)

R̈1

R1
+ R̈3

R3
+ Ṙ1

R1

Ṙ3

R3
− α2

R2
1

= −8πG(p + 	) + �, (34)
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2Ṙ1

R1
− Ṙ2

R2
− Ṙ3

R3
= 0. (35)

By combining (31)–(34) one can easily obtain continuity equation as

ρ̇ + (ρ + p + 	)

(
Ṙ1

R1
+ Ṙ2

R2
+ Ṙ3

R3

)
+ ρ

Ġ

G
+ �̇

8πG
= 0. (36)

In the presence of bulk viscosity the energy-momentum conservation equation T
ij

;j = 0 sug-
gests

ρ̇ + 3(ρ + p + 	)H = 0, (37)

and hence (36) yields

ρ
Ġ

G
+ �̇

8πG
= 0. (38)

In order to obtain complete set of exact solutions the number of unknowns must be equal
to the number of equations, therefore we require three more physically plausible relations
amongst the variables. In the following sections we will consider power law relation between
scale factors, gravitational and cosmological constants.

4.1 Case I: Power Law Relation Between Average Scale Factor and Cosmic Time

Now considering

V = R1R2R3 = tn. (39)

Equation (17) suggests

V = R3
1 = tn. (40)

Using relation (40) in to (32)–(34), we obtain

R2 = 1

k2
tn/3e

k1
(n−1)t(n−1) , (41)

R3 = k2t
n/3e

−k1
(n−1)t(n−1) . (42)

Here k1 and k2 are constants of integration.
Considering equation of state p = γρ and assuming a well accepted power law relation

between gravitational constant G and cosmic time t [37, 43–45] as

G = G0t
m, (43)

(31)–(34), (40)–(43) yield exclusive expression for the energy density, bulk viscosity and
cosmological constant in terms of cosmic time t as follows,

ρ =
(

a0

tm+2
− a1

t
2n+3m

3

− a2

t2n+m

)
, (44)

	 = −
(

b0

tm+2
+ b1

t
2n+3m

3

+ b2

t2n+m

)
, (45)
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� =
(

c0

t2
− c1

t (2n/3)
− c2

t2n

)
, (46)

where

a0 = n2a2

12πG0(m + 2)
, a1 = 3nα2

4πG0(3m + 2n)
, a2 = nk2

1

4πG0(m + 2n)

b0 = (1 + γ )n2a2 − na2(m + 2)

12πG0(m + 2)
, b1 = 3mα2 − (1 + 3γ )nα2

4πG0(3m + 2n)
,

b2 = mk2
1 + (1 − γ )nk2

1

4πG0(m + 2n)

c0 = mn2a2

3(m + 2)
, c1 = 9mα2

(3m + 2n)
and c2 = mk2

1

(m + 2n)
.

The quantities of observational interest have the following expressions in terms of time t

θ = n

t
, (47)

σ 2 = k2
1

t2n
, (48)

relative anisotropy = k2
1 t

m

[a0t2n−2 − a1t4n/3 − a2] , (49)

q = −1 + 3

n
. (50)

In this case the Bianchi type-V space-time metric takes the form

ds2 = dt2 − t2n/3
(
dx2 + e2αx

{
e

2k1
(n−1)t(n−1) dy2 + e

−2k1
(n−1)t(n−1) dz2

})
. (51)

Now, we are interested in study of the variation in bulk viscosity coefficient (ξ ) and temper-
ature (T ) with respect to cosmic time.

For the full causal non equilibrium thermodynamics the causal evolution equation for
bulk viscosity is

	 + τ	̇ = −ξ

(
Ṙ1

R1
+ Ṙ2

R2
+ Ṙ3

R3

)
− ετ	

2

(
Ṙ1

R1
+ Ṙ2

R2
+ Ṙ3

R3
+ τ̇

τ
− ξ̇

ξ
− Ṫ

T

)
. (52)

Here T ≥ 0 is the absolute temperature, ξ is the bulk viscosity coefficient, τ denotes the re-
laxation time for transient bulk viscous effects. When ε = 0, (52) reduces to evolution equa-
tion for truncated theory. For full causal theory ε = 1 and the non-causal theory (Eckart’s
theory) has τ = 0 [30].

Maartens [31] has pointed out that the Gibb’s integrability condition suggest if the equa-
tion of state for pressure is barotropic (p = p(ρ)) then the equation of state for temperature
should be barotropic (T = T (ρ)) and it may be expressed as

T ∝ exp
∫

dp(ρ)

ρ + p(ρ)
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which with the help of (21) reduces to

T = T0ρ
γ

(1+γ ) , (53)

where T0 stands for a constant.
Here for sake of simplicity, we will discuss only the effect on bulk viscosity with evolu-

tion of the universe in non-causal theory (τ = 0). In this case (52) takes the form

	 = −ξ

(
Ṙ1

R1
+ Ṙ2

R2
+ Ṙ3

R3

)
(54)

with the help of (40)–(42), (45) and (54) we have the relation between bulk viscosity coef-
ficient and cosmic time t as

ξ =
(

b0

tm+1
+ b1

t
2n+3m−3

3

+ b2

t2n+m−1

)
. (55)

The present cosmological model is singular model having accelerated expansion for
all n > 3.

All the physical and geometrical parameters energy density, equilibrium pressure p, tem-
perature, bulk viscosity coefficient, expansion scalar, shear and relative anisotropy are de-
creasing with evolution of the universe.

4.2 Case II: Power Law Relation for Gravitational and Cosmological Constants with Scale
Factor

Several authors [33, 46–48] have considered a power law relation between scale factor and
scalar field φ in Brans-Dicke theory. As the gravitational constant G varies as φ−1 we have
considered following relation.

G = G0R
m (56)

and a well accepted relation between scale factor and cosmological constant [49–54]

� = �0R
−2. (57)

From (32)–(35) and after suitably adjusting the constant of integrations, we obtain

R1 = R2 = R3 = R. (58)

Now the set of (30)–(33) assumes the form

3

(
Ṙ

R

)2

− 3α2

R2
= 8πGρ + �, (59)

2

(
R̈

R

)
+

(
Ṙ

R

)2

− α2

R2
= −8πG(p + 	) + �. (60)

Equations (56)–(60), (38) along with equation of state p = γρ for 0 ≤ γ ≤ 1 suggest the
scale factor, energy density, bulk viscosity, cosmological constant and gravitational constant
as follows

R = (at + b), (61)
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where a =
√

2�0
3m

+ �0
3 + α2 and b is integration constant.

ρ = 2�0

8πG0m(at + b)m+2
, (62)

	 = −(1 + 3γ − m)�0

12πG0m(at + b)m+2
, (63)

G = G0(at + b)m, (64)

� = �0(at + b)−2. (65)

In this case expansion scalar, shear and deceleration parameter are having following values

θ = a

(at + b)
, (66)

σ = 0, (67)

q = 0. (68)

4.2.1 Subcase (i) Behavior of Bulk Viscosity in the Eckart’s Theory

In Eckart’s non causal theory (τ = 0) the evolution equation (52) for bulk viscosity takes
the form

	 = −ξ

(
Ṙ1

R1
+ Ṙ2

R2
+ Ṙ3

R3

)
. (69)

With the help of (58), (61), (63), and (69), we have the relations between bulk viscosity
coefficient and cosmic time t as

ξ = (1 + 3γ − m)�0

36aπG0m

1

(at + b)m+1
. (70)

4.2.2 Subcase (ii) Behavior of Bulk Viscosity in Truncated Theory

It has been already been pointed out that in truncated theory (ε = 0), the evolution equation
(52) for bulk viscosity reduces to

	 + τ	̇ = −3ξH. (71)

The following relation

τ = ξ

ρ
(72)

has been adopted as one way of ensuring that viscous signals do not exceed the speed of
light in the truncated theory [55, 56].

By use of (58), (61)–(63), (72) into (71) we get the expression for bulk viscosity coeffi-
cient as

ξ = (1 + 3γ − m)�0

4aπG0m[9 − (1 + 3γ − m)(m + 2)]
1

(at + b)m+1
. (73)
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4.2.3 Subcase (iii) Behavior of bulk viscosity in Full causal theory

The evolution equation (52) for bulk viscosity in full causal theory for ε = 1 may be written
as

	 + ξ

ρ
	̇ = −ξ

(
Ṙ1

R1
+ Ṙ2

R2
+ Ṙ3

R3

)
− ξ	

2ρ

(
Ṙ1

R1
+ Ṙ2

R2
+ Ṙ3

R3
− (1 + 2γ )

(1 + γ )

ρ̇

ρ

)
. (74)

Further, using the expression for scale factors, energy density and bulk viscous stress from
(58), (61), (62) and (63) into (74) one can easily obtained the relation between bulk viscosity
coefficient (ξ) and cosmic time (t ) as

ξ = (1 + γ )(1 + 3γ − m)�0

2aπG0m[(1 + 3γ − m){(1 + γ )(2m + 4 − 3a) − (1 + 2γ )(m + 2a)} + 18a(1 + γ )]

× 1

(at + b)m+1
. (75)

In this particular model geometry of the universe may be specified by following space-time
line element

ds2 = dt2 − (at + b)2(dx2 + e2αx(dy2 + dz2)). (76)

This cosmological model is a nonsingular model which suggests universe starts from a finite
value and starts expanding with uniform rate of expansion. All the physical parameters are
in fair agreement of standard observational results.

5 Conclusion

This research paper may be divided mainly into two parts. The first part of the paper con-
sists of a cosmological model in absence of bulk viscosity. The survey of literature suggests
that large number of cosmological models have power law and exponential relation between
scale factor and cosmic time. However power law relations have been preferred due to cer-
tain advantage in favor of cosmological observations. In order to find exact solutions of the
set of field equation a power law relation R3 = tn is assumed. This model suggests that in
the beginning universe was anisotropic and with accelerated expansion of the universe it
approaches to isotropic universe. In the second part of this paper the role of bulk viscosity
during evolution of the universe is considered. Considering well established power law rela-
tion for average scale factor, cosmological constant, gravitational constant and cosmic time,
exact solutions for entire set of field equations have been obtained. It has been found that all
the physical and geometrical parameters are in fair agreement of observational results.
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